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INTRODUCTION 

In previous papers [1,?1 ue have described an e x p l i c i t  f i n i t e  element 
solut ion procedure for  the compressible Euler and Navier-Stokes equations. The 
approach was a f i n i t e  element equivalent of a two-step Lax-Wendroff scheme and 
was implemented on unstructured triangular or tetrahedra7 grids.  An important 
fea ture  of the work was the use of adaptive mesh refinement methods fo r  the 
solut ion of steady s t a t e  problems i n  2D, u s i n g  e r ror  indicators  based upon 
i n terpol a t i  on theory. 

In this paper, some recent developments i n  the extension of t h i s  approach 
a re  considered. We will describe how the basic solution procedure can be 
modified i n  a straightforward manner to  produce a high resolution scheme on 
unstructured grids. This i s  accomplished by u t i l i z ing ,  i n  a f i n i t e  element 
context,  Zalesak's [3] mu1 tidimensional extension of the flux corrected t ransport  
(FCT) ideas of Boris and Book [41. The problem o f  t r iangular  mesh generation 
w i l l  be addressed and the adaptive mesh approach will be widened to handle 2D 
problems involving strongly t ransient  phenomena. T h i s  will be implemented by 

allowing adaptive refinement a n d  derefinement of the mesh as  the solut ion 
proceeds. Final ly ,  i t  will be demonstrated how direct ional  refinement procedures 
can be incorporated for the e f f i c i en t  computation of steady 20 flows involving 
s ign i f i can t  1D features .  

BASIC ALGORITHM 

The basic solution algorithm will  be br ie f ly  described for  the two 
dimensional Navier-Stokes equations writ ten i n  the conservative form 

where U_ i s  the vector of conservation variables and E .  and  ,G denote the 
advective and viscous flux vectors respectively.  A time-stepping scheme for  t h i s  

J j 
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equation can be developed, i n  an opera tor -sp l i t  fashion, by t r e a t i n g  the 
d i f fus ion terms i n  an e x p l i c i t  manner and the advective terms i n  the Lax-Wendroff 
fashion C51. The r e s u l t  i s  t h a t  

I , '  

where a superscr ip t  m denotes an evaluation a t  t i m e  t = h, t,.,-,+l = t,,, + A t  and 

'E j 
A =  
-j ?!- ( 3 )  

The spat ia l  domain, 9, i s  d iscret ized using 3-noded l i n e a r  t r iangu lar  elements 
and a weighted res idual  C61 form o f  equation (2) i s  considered. The r e s u l t i n g  
i n t e g r a l s  are evaluated exact ly  ( i n  a 2-step fashion by f i r s t l y  ca lcu la t ing  an 
element l e v e l  approximation t o  ..m+1/2 g C711, leading t o  an equation 

where 8 i s  the consis tent  mass matr ix ,  6UH i s  the vector o f  changes i n  the 

nodal values of I! over the timestep and the superscr ip t  H i s  introduced f o r  use 
l a t e r .  For the s imulat ion o f  t rans ient  flows, t h i s  equation system can be solved 
i t e r a t i v e l y  and e x p l i c i t l y  181 and the method coupled w i t h  a domain s p l i t t i n g  
technique C91 t o  produce an e f f i c i e n t  computational procedure. For steady flows, 

l o c a l  time steps are employed and equation ( 4 )  i s  replaced by the e x p l i c i t  scheme 

- 

where bJn i s  the lumped diagonal mass matrix. 
equation ( 5 )  reduces t o  the well-known f i n i t e  d i f ference scheme o f  Burstein [lo]. 

It should be noted t h a t  , i n  1 D  

For problems involv ing strong shocks, the so lu t ion  i s  smoothed, by 
the app l ica t ion  o f  a r t i f i c i a l  v iscos i ty  [111, before proceeding t o  the next time 

step. 

FCT EXTENSION 

A more robust  so lut ion scheme, g iv ing  b e t t e r  reso lu t ion  o f  f low discont inu- 
i t i e s ,  can be produced by adding an FCT procedure t o  the above process. 
Erlebacher [123 and P a r r o t t  and Chr is t ie  1131 have demonstrated how Zalesak's [31 
mult idimensional extension o f  the FCT algor i thm o f  Bor is  and Book [ 4 1  can be 
implemented on t r iangu lar  gr ids.  The idea i s  t o  combine a high order scheme w i t h  
a low order scheme i n  such a way t h a t  the h igh order scheme i s  employed i n  
regions where the flow var iables vary smoothly, whereas the low order scheme i s  
favored i n  those regions where the variables vary abrupt ly.  The low order scheme 
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F i g u r e  1 

Mach 8 f low past  a c y l i n d e r .  
contours ( d )  Density contours. 

( a )  Mesh ( b )  Veloci ty  vectors ( c )  Pressure 

I 

I 

F i a u r e  2 

D e f i n i t i o n  o f  the  mesh parameters 6, s and ,a. 



should give monotonic r e s u l t s  f o r  the problem o f  in terest .  
' I  

The so lu t i on  method o f  equation (4)  w i l l  be used as a high order scheme and 
n a high order solut ion,  i , a f t e r  an time step can be defined by 

L Simi lar ly ,  a low order solut ion, I! i s  defined by 

L UL = im + 6U - - (7) 

where the low order increment i s  calculated as 

(8) H 6UL = 6U + ,D - -  

and the smoothing term Q i s  given by 

where CL i s  a constant. 
t h a t  a t  node i on a uniform g r i d  i n  1D 

This form f o r  the smoothing i s  suggested by the f a c t  

I t  should be noted t h a t  equations (6-8) can be re-arranged t o  give 

The new so lu t i on  i s  computed according t o  

* 
where ! i s  obtained by wr i t i ng  the element contr ibut ions t o  i n  such a way 

as t o  attempt t o  ensure that, L i s  f ree  from extrema n o t  found i n  gm o r  U_ 
C14, 151. 

The numerical performance o f  t h i s  FCT scheme i s  
which shows the so lut ions obtained f o r  the problem 
cy 1 i nder . 

Fur ther  general izat ions o f  FCT are possible 
p o s s i b i l i t i e s  f o r  f u tu re  invest igat ion C161. 

i l l u s t r a t e d  i n  Figure 1 
o f  Mach 8 f low past  a 

which o f f e r  i n t e r e s t i n g  



F i s u r e  3 

D e t a i l  of the i n i t i a l  mesh produced f o r  the a n a l y s i s  o f  a s t o r e  separa t i on  
problem. 

F i g u r e  4 

Regu lar  shock r e f l e c t i o n  a t  a w a l l .  
enr ichment and the corresponding pressure contours. 

Sequence o f  meshes produced us ing  mesh 



MESH GENERATION 

* I  The use of t r i a n g u l a r  elements i n  2D means t h a t  computat ional  domains o f  
complex geometr ica l  shape can be r e a d i l y  model led and a v a r i e t y  o f  t r i a n g u l a r  

mesh generat ion a lgo r i t hms  f o r  planar domains are  a v a i l a b l e  C17, 181. The 

approach t o  mesh genera t ion  t o  be ou t l i ned  here begins by d e f i n i n g  the boundar ies 

o f  the s o l u t i o n  domain i n  terms of  Bez ie r  po lynomia ls  and then cover ing  t h i s  

domain w i t h  a coarse 'background' g r i d  o f  3 noded l i n e a r  t r i a n g l e s .  T h i s  g r i d  i s  

normal ly  cons t ruc ted  by hand and the o n l y  geometr ical  requi rement  imposed i s  t h a t  

the s o l u t i o n  domain should be completely covered by t h i s  g r i d  i.e. the background 

g r i d  i s  n o t  r e q u i r e d  t o  approximate the geometry. A t  each node on the background 

g r i d ,  we s p e c i f y  the values of mesh parameters 6, s ,  0. Dur ing  the mesh 

generat ion process, the l o c a l  values of  these parameters f o r  the mesh be ing  

generated w i l l  be ob ta ined by i n t e r p o l a t i o n  over the background g r id .  For  the 

exac t  d e f i n i t i o n  o f  these mesh parameters, i,t i s  u s e f u l  t o  r e f e r  t o  F igu re  2 

which shows a t y p i c a l  generated t r i ang le .  The t r i a n g l e  has l e n g t h  s6 i n  the 

d i r e c t i o n  o f  o[ and l e n g t h  6 i n  the d i r e c t i o n  a t  r i g h t  angles t o  . We 

c a l l  6 the l o c a l  node spacing, s the l o c a l  degree o f  s t r e t c h i n g  and ,o the  

l o c a l  d i r e c t i o n  o f  s t r e t c h i n g .  The f u l l  f l e x i b i l i t y  o f  the mesh generator  need 

n o t  be used t o  c o n s t r u c t  an i n i t i a l  mesh f o r  a g iven problem, b u t  i t  w i l l  be used 

i n  an adapt ive mesh process t o  be described l a t e r . .  I n  p a r t i c u l a r ,  i f  a un i fo rm 

d i s t r i b u t i o n  o f  6 i s  requ i red ,  w i t h  no s t re tch ing ,  the background g r i d  need 

on ly  c o n s i s t  of a s i n g l e  element. The mesh genera t ion  process begins w i t h  the 

p lac ing  o f  the boundary nodes. The l i n e s  j o i n i n g  successive boundary nodes form 

the i n i t i a l  genera t ion  ' f r o n t ' ,  which i s  the c o l l e c t i o n  o f  s ides a v a i l a b l e  t o  

cons t ruc t  t r i a n g l e s .  One s i d e  i n  the f r o n t  i s  chosen, and a t r i a n g l e  i s  

cons t ruc ted  w i t h  values o f  6, .s and ,a i n t e r p o l a t e d  from the background g r id .  

The f r o n t  i s  updated and the process i s  repeated u n t i l  the f r o n t  i s  empty, a t  

which stage the whole s o l u t i o n  domain has been d i s c r e t i z e d .  F u l l  d e t a i l s  o f  the 

mesh generat ion process can be found elsewhere E193. 

The performance o f  the mesh generator i s  demonstrated i n  F i g u r e  3, which 

shows a d e t a i l  o f  the i n i t i a l  mesh produced f o r  the a n a l y s i s  o f  a s t o r e  separa- 

t i o n  problem. Th is  problem ,has been used to demonstrate the f u l l  power o f  the  

generator by d i r e c t l y  coup l i ng  i t  t o  the t r a n s i e n t  s o l u t i o n  procedure and us ing  

i t  t o  l o c a l l y  regenerate the mesh as the store. moves through the f l o w  f i e l d  [201. 

ADAPTIVE MESH STRATEGIES 

.Adapt ive  mesh s t r a t e g i e s  have a major r o l e  t o  p lay  i n  the development o f  
e f f i c i e n t  s o l u t i o n ,  techniques f o r  large problems i n  CFD. The u l t i m a t e  o b j e c t i v e  

i s  the a b i l i t y  t o  so lve  a g iven problem to a prescr ibed accuracy w i t h  the optimum 

number of. g r i d  poi.nts and, a l though th i s  goal has n o t  y e t  been met, m a j o r  steps 

i n  t h i s  d i r e c t i o n  have a l ready  been made. 
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F i g u r e  5 

Shock i m p i n g i n g  on a h a l f - c y l i n d e r  
( a )  t = O ,  2554 e leme.n ts ,  1335 p o i n t s  



F i g u r e  5 ( con t )  

( b )  ' t=0.3,  9057 elements, 4626 p o i n t s  



D 

0 

DENSITY 

Figure 5 ( con t )  

( c )  t=0.5, 12020 elements, 6129 p o i n t s  
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Mesh movement tecttriique can be contemplated [21, 221 b u t  s u f f e r  f r o m  the 

, . drawback t h a t  the accuracy o f  the f i n a l  computation can be l i m i t e d  by the 

s t r u c t u r e  and r e s o l u t i o n  of the i n i t i a l  g r i d .  Mesh enr ichment  a lgo r i t hms  f o r  

steady problems C23, 241 genera l l y  advance the s o l u t i o n  towards steady s t a t e  on 

an i n i t i a l  coarse g r i d  and then ob ta in  an e s t i m a t i o n  o f  the e r r o r  i n  each 

computational c e l l  by us ing  an e r r o r  i nd i ca to r .  For the Eu le r  o r  Navier-Stokes 

equat ion systems, the e r r o r  i n d i c a t i o n  i s  normal ly  based upon a key -va r iab le  eg. 

the dens i t y  i s  a popular  choice for  the  Eu le r  equat ions.  I n d i c a t o r s .  based upon 

i n t e r p o l a t i o n  theory can be used, w i t h  e q u i - d i s t r i b u t i o n  o f  the e r r o r  be ing the 

o b j e c t  o f  the re f inement  process C251. The c e l l s  e x h i b i t i n g  l a r g e s t  e r r o r  a re  

au tomat i ca l l y  subdiv ided and the computation proceeds, w i t h  t h i s  process being 

repeated u n t i l  the a n a l y s t  i s  s a t i s f i e d  w i t h  the s o l u t i o n  q u a l i t y .  

The mesh enr ichment approach works w e l l  i n  p r a c t i c e  C71 and F igu re  4 shows 

the s o l u t i o n  o f  problem o f  r e g u l a r  shock r e f l e c t i o n  a t  a w a l l  which has been 

so lved i n  t h i s  manner. T h i s  s o l u t i o n  was produced us ing  the bas i c  s o l u t i o n  

a lgo r i t hm descr ibed above. 

The extens ion o f  the mesh enrichment concepts t o  the s o l u t i o n  o f  t r a n s i e n t  

problems has been demonstrated recen t l y  C261. , NOW, as the f l o w  f e a t u r e s  o f  

i n t e r e s t  a re  moving through the s o l u t i o n  domain, f o r  economy o f  computat ion mesh 

enr ichment has t o  be combined w i t h  the c a p a b i l i t y  o f  d e r e f i n i n g  the mesh i n  

reg ions  where the e r r o r  i n d i c a t i o n  i s  smal l .  Th i s  work has produced a h i g h l y  

vec to r i zab le  a lgor i thm,  w i t h  low storage requirements, and w i t h  the a b i l i t y  t o  

recover  the o r i g i n a l  g r i d  when the f l o w  f e a t u r e  o f  i n t e r e s t  has passed. The 

performance o f  the a l g o r i t h m  i s  shown i n  F igure  5 which d i s p l a y s  the computed FCT 

s o l u t i o n  f o r  the problem of a Mach 10 shock impinging upon a h a l f - c y l i n d e r .  The 

so lu t i ons  are dep ic ted  a t  three se lected times d u r i n g  the t r a n s i e n t .  

A drawback of the F s h  enrichment approach i s  t h a t  i t  prov ides  a un i fo rm 

l o c a l  mesh refinement, whereas many f low fea tu res  o f  i n t e r e s t  a re  e s s e n t i a l l y  

one-d i mens i ona 1 i n charac ter  . This  suggests t h a t  d i r e c t i o n a l  re f i nemen t  

techniques cou ld  be computa t iona l l y  more e f f i c i e n t  and work i n  t h i s  area has 

a l ready begun. I f  element e r r o r  i n d i c a t o r s  are rep laced by i n d i c a t o r s  a long 

element s ides C271, d i r e c t i o n a l  re f inement  f o r  steady problems can be achieved, 

a long w i t h  derefinement. Th is  i s  i l l u s t r a t e d  i n  F igu re  6 which aga in  shows the 
s o l u t i o n  obta ined f o r ,  t he  problem o f  regular  shock r e f l e c t i o n  a t  a w a l l  us ing  the 

bas ic  s o l u t i o n  a lgor i thm.  An a l t e r n a t i v e  approach, i s  t o  use the mesh generator  

descr ibed e a r l i e r  t o  'regenerate' the mesh based upon i n f o r m a t i o n  prov ided by the 

computed s o l u t i o n  on the c u r r e n t  mesh 1191. F igu re  7 shows the problem o f  Mach 

25 f l ow  p a s t  a b l u n t  body a t  an ang le  o f  a t t a c k  o f  20" which has been so lved 

us ing  FCT i n  t h i s  m n n e r  w i t h  a sequence o f  three g r ids .  
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Figure 6 

Regular shock r e f l e c t i o n  a t  a wall. 
d i r e c t i o n a l  ref inement  and the corresponding pressure contours .  

Sequence o f  meshes produced u s i n g  

I 

, '  

Fiaure  7 

Mach 25 flow p a s t  a b lunt  body a t  20" angle  of a t t a c k .  
produced by adapt ive mesh regenerat ion and the corresponding dens i ty  
con tours .  

Sequence of meshes 
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